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FURTHER OBSERVATIONS ON BORNOLOGICAL COVERING
PROPERTIES AND SELECTION PRINCIPLES
DEBRAJ CHANDRA†, PRATULANANDA DAS∗ AND SUBHANKAR DAS∗
Abstract. This article is a continuation of the study of bornological open
covers and related selection principles in metric spaces done in (Chandra et
al. 2020 [10]) using the idea of strong uniform convergence (Beer and Levi,
2009 [6]) on bornology. Here we explore further ramifications, presenting
characterizations of various selection principles related to certain classes of
bornological covers using the Ramseyan partition relations, interactive results
between the cardinalities of bornological bases and certain selection principles
involving bornological covers, producing new observations on the Bs-Hurewicz
property introduced in [10] and several results on theBs-Gerlits-Nagy property
of X which is introduced here following the seminal work of [13]. In addition,
in the finite power Xn with the product bornology Bn, the (Bn)s-Hurewicz
property as well as the (Bn)s-Gerlits-Nagy property of Xn are characterized
in terms of properties of (C(X), τs
B
) like countable fan tightness, countable
strong fan tightness along with the Reznichenko’s property.
Key words and phrases: Bornology, selection principles, open Bs-cover, γBs-
cover, Bs-Hurewicz property, Bs-Gerlits-Nagy property, Ramseyan partition rela-
tion, topology of strong uniform convergence, function space C(X).
1. Introduction
This article is continuation of our work in [10] and like that paper, here also
we follow the notations and terminologies of [2, 11, 15, 23]. The primary structure
where we would work is a bornology. A bornology B on a metric space (X, d) is a
family of subsets of X that is closed under taking finite unions, is hereditary and
forms a cover of X (see [15]). A base B0 for a bornologyB is a subfamily of B that
is cofinal in B with respect to inclusion i.e. for B ∈ B there is a B0 ∈ B0 such that
B ⊆ B0. A base is called closed (compact) if all of its members are closed (compact)
which would be most useful in our endevors. We list a few natural bornologies on
X as follows: (1) The family F of all finite subsets of X , the smallest bornology
on X ; (2) The family of all non empty subsets of X , the largest bornology on X ;
(3) The family of all non empty d-bounded subsets of X ; (4) The family K of non
empty subsets of X with compact closure (more examples can be seen from [10]).
In the bornological investigations, the notion of continuity which turned out
to be the most useful is the notion of strong uniform continuity on a bornology
(introduced in [6] by Beer and Levi). A mapping f : X → Y where (Y, ρ) is
another metric space, is strongly uniformly continuous on a subset B of X if for
each ε > 0 there is a δ > 0 such that d(x1, x2) < δ and {x1, x2} ∩ B 6= ∅ imply
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ρ(f(x1), f(x2)) < ε. For a bornology B on X , f is called strongly uniformly
continuous on B if f is strongly uniformly continuous on B for each B ∈ B. They
had also introduced a new topology on Y X the set of all functions from X into Y ,
called the topology of strong uniform convergence and studied various properties
in function spaces. This study has been further continued in [8] .
In [26] (see also [16]), M. Scheepers began a systematic study of selection princi-
ples in topology and their relations to game theory. Those interested in the long and
illustrious history of selection principles and its recent developments can consult the
papers [21,27,30] where many more references can be found. Using the topology of
strong uniform convergence on a bornology, the study of open covers and related
selection principles in function spaces had been initiated in [9]. In [10], we car-
ried out further advancement in this direction where the main focus was to obtain
Schepeers’ like diagrams and study the notion of strong-B-Hurewicz property (or
Bs-Hurewicz property).
This paper intends to complete the line of investigations started in [10] and is or-
ganised as follows. In section 2, we present some basic observations on bornological
covers and related selection principles under continuous functions. In section 3, we
first investigate the behaviour of certain selection principles involving bornological
covers under the cardinality of a base B0 and then obtain their characterizations
in terms of Ramseyan partition relations. Section 4 is the most important part of
this article where we first focus more on the Bs-Hurewicz property. Considering
the product bornology Bn on Xn, the (Bn)s-Hurewicz property of Xn is shown
to be equivalent with the Bs-Hurewicz property of X and moreover it is charac-
terized Ramsey-theoretically as well as game-theoretically. Later in this section,
we introduce Bs-Gerlits-Nagy property of X (following the seminal work of [13])
and proceed to establish equivalence with (Bn)s-Gerlits-Nagy property of Xn and
further use Ramseyan partition relations to characterize it. Finally in Section 5,
we devote our attention to the function space C(X) equipped with the topology
of strong uniform convergence τs
B
on B, where our primary objective is to present
characterizations of (Bn)s-Hurwicz property as well as (Bn)s-Gerlits-Nagy prop-
erty of Xn in terms of properties of (C(X), τs
B
) like countable fan tightness, count-
able strong fan tightness along with the Reznichneko’s property. In addition, we
also present some characterizations of αi properties using selection principles.
2. Preliminaries
We follow the notations and terminologies of [2, 11, 15, 23]. Throughout the
paper (X, d) stands for an infinite metric space and N stands for the set of positive
integers. We first write down two classical selection principles formulated in general
form in [16, 26]. For two nonempty classes of sets A and B of an infinite set S, we
define
S1(A,B): For each sequence {An : n ∈ N} of elements of A, there is a sequence
{bn : n ∈ N} such that bn ∈ An for each n and {bn : n ∈ N} ∈ B.
Sfin(A,B): For each sequence {An : n ∈ N} of elements of A, there is a sequence
{Bn : n ∈ N} of finite (possibly empty) sets such that Bn ⊆ An for each n and⋃
n∈NBn ∈ B.
There are infinitely long games corresponding to these selection principles.
G1(A,B) denotes the game for two players, ONE and TWO, who play a round for
each positive integer n. In the n-th round ONE chooses a set An from A and TWO
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responds by choosing an element bn ∈ An. TWOwins the play {A1, b1, . . . , An, bn, . . . }
if {bn : n ∈ N} ∈ B. Otherwise ONE wins.
Gfin(A,B) denotes the game where in the n-th round ONE chooses a set An from
A and TWO responds by choosing a finite (possibly empty) set Bn ⊆ An. TWO
wins the play {A1, B1, . . . , An, Bn, . . . } if
⋃
n∈NBn ∈ B. Otherwise ONE wins.
We will also consider
Ufin(A,B): For each sequence {An : n ∈ N} of elements of A, there is a sequence
{Bn : n ∈ N} of finite (possibly empty) sets such that Bn ⊆ An for each n and
either {∪Bn : n ∈ N} ∈ B or for some n, ∪Bn = X (from [16, 26]).
CDRsub(A,B): For each sequence {An : n ∈ N} of elements of A there is a
sequence {Bn : n ∈ N} such that for each n, Bn ⊆ An, for m 6= n, Bm ∩ Bn = ∅
and each Bn is a member of B [26].
The following selection principles called αi properties, are defined in [22]. The
symbol αi(A,B) for i = 1, 2, 3, 4 denotes that for each sequence {An : n ∈ N} of
elements of A, there is a B ∈ B such that
α1(A,B): for each n ∈ N, the set An \B is finite.
α2(A,B): for each n ∈ N, the set An ∩B is infinite.
α3(A,B): for infinitely many n ∈ N, the set An ∩B is infinite.
α4(A,B): for infinitely many n ∈ N, the set An ∩B is non empty.
Now we recall definitions of some symbols related to Ramseyan partition relation.
Let U be an element in A. A function f : [U ]2 → {1, . . . , k} is said to be a
coloring [26] if for each U ∈ U and every V ∈ A with V ⊆ U , there is a i ∈ {1, . . . , k}
such that {V ∈ V : f({U, V }) = i} belongs to A.
We say that X satisfies the partition relation A → ⌈B⌉2k for k ∈ N if for every
U ∈ A and any coloring f : [U ]2 → {1, . . . , k} there are a i ∈ {1, . . . , k}, a set V ∈ B
with V ⊆ U and a finite to one function φ : V → N such that for every V,W ∈ V
with φ(V ) 6= φ(W ), f({V,W}) = i [3, 26]. In this case V is said to be eventually
homogeneous for f . This symbol is known as BaumgartnerTaylor partition symbol.
We say that X satisfies the partition relation A → (B)nk for n, k ∈ N if for every
U ∈ A and any coloring f : [U ]n → {1, . . . , k} there are a i ∈ {1, . . . , k} and a set
V ∈ B with V ⊆ U such that for each V ∈ [V ]n, f(V ) = i [24]. Also in this case V
is said to be homogeneous for f . This symbol is known as ordinary partition symbol.
The following cardinal numbers (see [32] for more details) will be used in the
sequel. The eventually dominating order ≤∗ on the Baire space NN is defined as
follows. For f, g ∈ NN, we say that f ≤∗ g if f(n) ≤ g(n) for all but finitely many
n. Let A be a subset of NN. The set A is bounded if there is a function g ∈ NN
such that f ≤∗ g for all f ∈ A. The symbol b denotes the minimal cardinality
of an unbounded subset of (NN,≤∗). A subset A of NN is dominating if for each
function g ∈ NN there exists a function f ∈ A such that g ≤∗ f . The symbol d
denotes the minimal cardinality of a dominating subset of (NN,≤∗). Let A be a
family of infinite subsets of N. P (A) denotes that there is a subset P of N such
that for each A ∈ A, P \ A is finite. The symbol p denotes the smallest cardinal
number k for which the following statement is false: For each family A if any finite
subfamily of A has infinite intersection and |A| ≤ k then P (A) holds. The symbol
cov(M) denotes the smallest cardinal number k such that a family of k first cate-
gory subsets of the real line covers the real line. For any family A of subsets of NN
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with cardinality less than cov(M) implies that there is a g ∈ NN such that for every
f ∈ A the set {n ∈ N : f(n) = g(n)} is infinite. The symbol add(M) denotes the
smallest cardinal number k such that there is a family of k first category sets of real
numbers whose union is no longer first category. The following relations between
the cardinal numbers mentioned above are well known. add(M) ≤ cov(M) ≤ d,
p ≤ b ≤ d, p ≤ cov(M) and also add(M) = min{b, cov(M)}.
For x ∈ X , we denote Ωx = {A ⊆ X : x ∈ A \ A} [20]. X is said to have the
Reznichenko property at x ∈ X if for each countable set A in Ωx there is a partition
{An : n ∈ N} of A into pairwise disjoint finite subsets of A such that for each neigh-
bourhood W of x, W ∩ An 6= ∅ for all but finitely many n [18, 19]. The collection
of all such countable sets is denoted by Ωgpx . X is said to be Fre´chetUrysohn if for
each subset A of X and each x ∈ A there is a sequence in A converging to x. X is
strictly Fre´chet Urysohn (in short SFU) if S1(Ωx,Σx) holds for each x ∈ X . X is
said to have countable tightness if for every x ∈ X and A ∈ Ωx there is a countable
subset B of A such that B ∈ Ωx [2]. Also X is said to have countable fan tightness
(countable strong fan tightness) at x if X satisfies Sfin(Ωx,Ωx) (S1(Ωx,Ωx)) [2,25].
The symbol Σx denotes the collection of all sequences that converges to x ∈ X [7].
Next we recall some classes of bornological covers of X . Let B be a bornology
on the metric space (X, d) with closed base. For B ∈ B and δ > 0, let Bδ =⋃
x∈B S(x, δ), where S(x, δ) = {y ∈ X : d(x, y) < δ}. It can be easily checked that
Bδ ⊆ B2δ for every B ∈ B and δ > 0. A cover U is said to be a strong-B-cover
(in short, Bs-cover) [8] if X 6∈ U and for each B ∈ B there exist U ∈ U and
δ > 0 such that Bδ ⊆ U . If the members of U are open then U is called an open
Bs-cover. The collection of all open Bs-covers is denoted by OBs . An open cover
U = {Un : n ∈ N} is said to be a γBs-cover [8] (see also [9]) of X , if it is infinite
and for every B ∈ B there exist a n0 ∈ N and a sequence {δn : n ≥ n0} of positive
real numbers satisfying Bδn ⊆ Un for all n ≥ n0. The collection of all γBs-covers is
denoted by ΓBs . An open cover U of X is said to be Bs-groupable [10] if it can be
expressed as a union of countably many finite pairwise disjoint sets Un such that
for each B ∈ B there exist a n0 ∈ N and a sequence {δn : n ≥ n0} of positive
real numbers with Bδn ⊆ U for some U ∈ Un for all n ≥ n0. X is said to be
Bs-Lindelo¨f [9] if each Bs-cover contains a countable Bs-subcover.
Let {(Xn, dn) : n ∈ N} be a family of metric spaces and let Bn be a bornology
on Xn for each n ∈ N. Then the product bornology [15] on Πn∈NXn has a base
consisting of sets of the form B = Πn∈NBn where Bn ∈ Bn for all n ∈ N.
For two metric spaces X and Y , Y X (C(X,Y )) stands for the set of all functions
(continuous functions) from X to Y . The commonly used topologies on C(X,Y )
are the compact-open topology τk, and the topology of pointwise convergence τp.
The corresponding spaces are, in general, respectively denoted by (C(X,Y ), τk)
(resp. Ck(X) when Y = R), and (C(X,Y ), τp) (resp. Cp(X) when Y = R).
Let B be a bornology with a closed base on X . Then the topology of strong
uniform convergence τs
B
is determined by a uniformity on Y X with a base consisting
of all sets of the form
[B, ε]s = {(f, g) : ∃δ > 0 for every x ∈ Bδ, d(f(x), g(x)) < ε},
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for B ∈ B, ε > 0.
The topology of strong uniform convergence τs
B
coincides with the topology of
pointwise convergence τp if B = F .
Throughout we use the convention that if B is a bornology on X , then X 6∈ B.
We end this section with some more basic observations about open Bs-covers.
First note that if f : X → Y is any map and if B is a bornology on X , then
the collection f(B) = {f(B) : B ∈ B} is a bornology on f(X). Moreover, if f
is surjective then f(B) is a bornology on Y . Note that if B is a bornology on X
with a compact base B0 and f : X → Y is a continuous function then f(B) is a
bornology on f(X) with compact base f(B0).
Lemma 2.1. Let B be a bornology on X with a compact base B0 and (Y, ρ) be
a another metric space. Let f : X → Y be a continuous function on X. If U be
an open f(B)s-cover (γf(B)s-cover) of f(X) then {f
−1(U) : U ∈ U} is an open
Bs-cover (γBs-cover) of X.
Proof. Let B ∈ B0. Since U is an open f(B)
s-cover of X so for f(B) ∈ f(B) there
is a ε > 0 such that f(B)ε ⊆ U for some U ∈ U . As f is continuous function on B
and B is compact, f is strongly uniformly continuous on B [6] i.e. for ε > 0 there
is a δ > 0 such that f(Bδ) ⊆ f(B)ε. Therefore f(Bδ) ⊆ U i.e. Bδ ⊆ f−1(U). So
{f−1(U) : U ∈ U} is an open Bs-cover of X . 
Proposition 2.1. Let B be a bornology on X with a compact base B0 and (Y, ρ)
be a another metric space. Let f : X → Y be a continuous function on X. Let
Π ∈ {S1, Sfin,Ufin} , P ,Q ∈ {O,Γ}.
If X satisfies Π(PBs ,QBs) then f(X) satisfies Π(Pf(B)s ,Qf(B)s).
Proof. We only show that ifX satisfies S1(OBs ,ΓBs) then f(X) satisfies S1(Of(B)s ,Γf(B)s).
Before proceeding with the proof note that if B is a compact and U is an open subset
of X with B ⊆ U then there is a δ > 0 such that Bδ ⊆ U .
Let {Un : n ∈ N} be a sequence of open f(B)s-covers of f(X). By Lemma 2.1,
U ′n = {f
−1(U) : U ∈ U} is an open Bs-cover of X for each n. Apply S1(OBs ,ΓBs)
to the sequence {U ′n : n ∈ N} to choose a f
−1(Un) ∈ U ′n for each n such that
{f−1(Un) : n ∈ N} is a γBs-cover of X . We now show that the sequence {Un : n ∈
N} is a γf(B)s-cover of f(X). Let B′ ∈ f(B0) and say B′ = f(B) where B ∈ B0.
Choose a n0 ∈ N and a sequence {δn : n ≥ n0} of positive real numbers such that
Bδn ⊆ f−1(Un) for n ≥ n0 i.e. f(B) ⊆ Un for n ≥ n0. Since f(B) is compact, there
is a εn > 0 such that f(B)
εn ⊆ Un for each n ≥ n0. This shows that {Un : n ∈ N}
is a γf(B)s-cover of f(X) and hence f(X) satisfies S1(Of(B)s ,Γf(B)s). 
Proposition 2.2. Let B be a bornology on X with a compact base B0. If X
satisfies S1(ΓBs ,ΓBs) then every continuous image of X into NN is bounded.
Proof. Let ρ be the Baire metric on NN and ϕ : X → NN be continuous. By
Proposition 2.1, ϕ(X) satisfies S1(Γϕ(B)s ,Γϕ(B)s). For n, k ∈ N, let Unk = {f ∈
NN : f(n) ≤ k}. Consider Un = {Unk : k ∈ N} for each n. Let B ∈ ϕ(B0). Using
the compactness of B, we can easily find a k0 and a sequence {δk : k ≥ k0} of
positive real numbers such that such that Bδk ⊆ Unk for all k ≥ k0. Therefore Un is
a γϕ(B)s-cover of ϕ(X). Now apply S1(Γϕ(B)s ,Γϕ(B)s) to {Un : n ∈ N} to choose
a Unkn ∈ Un for each n such that {U
n
kn
: n ∈ N} is an open γϕ(B)s-cover of ϕ(X).
Define a function h : N→ N by h(n) = kn for n ∈ N. Let f ∈ ϕ(X). Clearly there
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is a n0 ∈ N such that f ∈ Unkn for all n ≥ n0 i.e. f(n) ≤ h(n) for all n ≥ n0 i.e.
f ≤∗ h. Hence ϕ(X) is bounded in NN. 
Proposition 2.3. Let B be a bornology on X with a compact base B0. If X
satisfies Sfin(OBs ,OBs) then for every continuous function ϕ : X → NN, ϕ(X) is
not dominating.
Proof. By Proposition 2.1, ϕ(X) satisfies Sfin(Oϕ(B)s ,Oϕ(B)s). Consider Un =
{Unk : k ∈ N} where U
n
k = {f ∈ N
N : f(n) ≤ k} for n, k ∈ N which is a γϕ(B)s-cover
of ϕ(X). Apply Sfin(Oϕ(B)s ,Oϕ(B)s) to {Un : n ∈ N} to choose a finite set Vn ⊆ Un
for each n such that ∪n∈NVn is an open ϕ(B)s-cover of ϕ(X). Define a function
h : N → N by h(n) = max{k ∈ N : Unk ∈ Vn} for n ∈ N. Now we show that for
any f ∈ ϕ(X), f(n) ≤ h(n) for infinitely many n ∈ N. Let f ∈ ϕ(X). Choose a
B0 ∈ ϕ(B) such that f ∈ B0. Since ∪n∈NVn ∈ Oϕ(B)s , in view of [10, Proposition
3.1], there are δn > 0 such that B
δn
0 ⊆ U
n
k for some U
n
k ∈ Vn for infinitely many
n ∈ N i.e. f ∈ Unk for some U
n
k ∈ Vn for infinitely many n ∈ N i.e. f(n) ≤ h(n) for
infinitely many n ∈ N. Hence ϕ(X) is not dominating. 
3. Results related to cardinality and Ramsey Theory
3.1. Results concerning cardinality. Recall that X is called a γBs-set [10] if X
satisfies S1(OBs ,ΓBs). An equivalent condition is that every open Bs-cover of X
contains a countable set which is a γBs-cover of X (see [9]).
Theorem 3.1. Let B be a bornology on X with a closed base B0 and X be B
s-
Lindelo¨f. If |B0| < p then X is a γBs-set.
Proof. Let U be an open Bs-cover of X . Enumerate U bijectively as {Un : n ∈ N}.
By [10, Proposition 3.1], for B ∈ B there are δn > 0 and Un ∈ U such that Bδn ⊆ Un
for infinitely many n. Define AB = {n ∈ N : Bδn ⊆ Un} for B ∈ B. Clearly each
AB is an infinite subset of N and now consider the family A = {AB : B ∈ B0}. Let
{AB1 , . . . , ABk} be any finite subfamily of A. Since B1 ∪ · · · ∪ Bk ∈ B, there are
δn > 0 and Un ∈ U such that (B1 ∪ · · · ∪ Bk)δn ⊆ Un for infinitely many n. This
means that AB1 ∩ . . .∩ABk must be infinite and consequently we can conclude that
any finite subfamily of A has infinite intersection. Now in view of our assumption
that |B0| < p, we can choose an infinite subset P of N such that for each B ∈ B0,
P \ AB is finite. Enumerating P as {nk : k ∈ N}, set V = {Unk ∈ U : k ∈ N}. We
show that V is a γBs -cover. Let B ∈ B0. Using the fact that P \ AB is finite and
the definition of AB , there is a k0 ∈ N and a sequence {δnk : k ≥ k0} of positive
real numbers such that Bδnk ⊆ Unk for all k ≥ k0. This shows that V ⊆ U is a
γBs-cover of X and hence X is a γBs-set. 
Theorem 3.2. Let B be a bornology on X with a closed base B0 and X be B
s-
Lindelo¨f. If |B0| < cov(M) then X satisfies S1(OBs ,OBs).
Proof. Let {Un : n ∈ N} be a sequence of open Bs-covers of X . Enumerate each Un
bijectively as {Unm : m ∈ N}. For B ∈ B0, choose a δ > 0 and a U
n
m ∈ Un such that
Bδ ⊆ Unm. Define a function fB : N → N by fB(n) = min{m ∈ N : B
δ ⊆ Unm for
some δ > 0} for each n ∈ N. Consider the set {fB : B ∈ B0}. Since |B0| < cov(M),
there is a f : N → N such that for each B ∈ B0, {n ∈ N : fB(n) = f(n)} is
infinite [12, Theorem 5] (for our consideration the fact that this particular set is non-
empty is the most important fact). We show that {Unf(n) : n ∈ N} is the required
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open Bs-cover. Let B ∈ B. There is a B0 ∈ B0 with B ⊆ B0. By definition of
fB0 , B
δ
0 ⊆ U
n
fB0(n)
for some δ > 0. Since the set {n : fB0(n) = f(n)} 6= ∅, choosing
an appropriate k ∈ N so that fB0(k) = f(k) we observe that B
δ ⊆ Ukf(k) for some
δ > 0. So, as claimed, {Unf(n) : n ∈ N} is an open B
s-cover of X showing that X
satisfies S1(OBs ,OBs). 
Theorem 3.3. Let B be a bornology on X with a closed base B0 and X be B
s-
Lindelo¨f. If |B0| < d then X satisfies Sfin(OBs ,OBs).
Proof. Let {Un : n ∈ N} be a sequence of open Bs-covers of X . Enumerate each
Un bijectively as Un = {Unm : m ∈ N} for each n. For B ∈ B0, there are δ > 0
and Unm ∈ Un such that B
δ ⊆ Unm. Define a function fB : N → N by fB(n) =
min{m ∈ N : Bδ ⊆ Unm for some δ > 0}. Consider the set {fB : B ∈ B0}. Since
|B0| < d, the family {fB : B ∈ B0} is not dominating. Therefore there is a function
g : N → N such that for any B ∈ B0, fB(n) < g(n) for infinitely many n. Define
Vn = {U
n
m : m ≤ g(n)} for each n. Clearly Vn is a finite subset of Un for each n
and ∪n∈NVn is an open Bs-cover of X . Hence X satisfies Sfin(OBs ,OBs). 
Theorem 3.4. Let B be a bornology on X with a closed base B0. If |B0| < b then
X satisfies S1(ΓBs ,ΓBs).
Proof. Let {Un : n ∈ N} be a sequence of γBs-covers of X , where Un = {Unm :
m ∈ N} for each n. For each B ∈ B0, there exist a m0 ∈ N and a sequence
{δm : m ≥ m0} of positive real numbers such that B
δm ⊆ Unm for m ≥ m0. Define a
function fB : N→ N by fB(n) = min{k ∈ N : for all m ≥ k,Bδm ⊆ Unm}. Consider
the set {fB : B ∈ B0}. Since |B0| < b, there is a g : N→ N such that fB ≤∗ g for
all B ∈ B0. We now show that {Ung(n) : n ∈ N} is a γBs-cover of X . Let B ∈ B
and choose a B0 ∈ B0 such that B ⊆ B0. As fB0 ≤
∗ g, there is a n1 ∈ N such
that fB0(n) ≤ g(n) for all n ≥ n1. From the definition of fB0 , one can construct
a sequence {εn : n ≥ n1} of positive real numbers such that B
εn
0 ⊆ U
n
g(n) for all
n ≥ n1 and so Bεn ⊆ B
εn
0 ⊆ U
n
g(n) for all n ≥ n1. Therefore {U
n
g(n) : n ∈ N} is a
γBs-cover of X which shows that X satisfies S1(ΓBs ,ΓBs). 
3.2. Ramsey theoretic results. We now formulate S1 and Sfin-type selection
principles using certain partition relations involving bornological covers. The fol-
lowing observation about open Bs-covers will be useful in this context.
Lemma 3.1. Let B be a bornology on X with closed base. If an open Bs-cover U
can be expressed as a union of finite number of subfamilies of U , then at least one
of them must be an open Bs-cover of X.
Proof. Let U be an open Bs-cover and U = ∪ki=1Ui. If on the contrary, no Ui is an
open Bs-cover of X , then for each Ui there is a Bi ∈ B such that for any δ > 0
and for any U ∈ Ui, Bδi * U . Take B = B1 ∪ · · · ∪Bk ∈ B. It is clear that for any
δ > 0, Bδ * U for any U ∈ U . This contradicts that U is an open Bs-cover of X .
Hence at least one of Ui’s must be an open Bs-cover of X . 
The method of proof of the following theorem is adapted from [26, Theorem 10]
and [16, Theorem 6.2] with suitable modifications.
Theorem 3.5. Let B be a bornology on X with closed base. The following state-
ments are equivalent.
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(1) X satisfies Sfin(OBs ,OBs).
(2) X satisfies OBs → ⌈OBs⌉22, provided X is B
s-Lindelo¨f.
Proof. (1)⇒ (2). Let U = {Un : n ∈ N} be an open Bs-cover of X and f : [U ]2 →
{1, 2} be a coloring. Clearly U can be expressed as T1 ∪ T2, where T1 = {V ∈ U :
f({U1, V }) = 1} and T2 = {V ∈ U : f({U1, V }) = 2}. By Lemma 3.1, at least one
of T1 and T2 must be an open Bs-cover of X . Let i1 ∈ {1, 2} be such that U1 = Ti1
is an open Bs-cover. Inductively, choose sequences {Un : n ∈ N} and {in : n ∈ N}
such that Un = {V ∈ Un−1 : f(Un, V ) = in} is an open Bs-cover for n > 1. Now
apply Sfin(OBs ,OBs) to {Un : n ∈ N} to obtain a sequence {Vn : n ∈ N} where
Vn is a finite subset of Un for each n such that ∪n∈NVn ∈ OBs . Further we can
assume that Vn’s are pairwise disjoint and there is a i ∈ {1, 2} such that for each
Um ∈ ∪n∈NVn, im = i. Choose k1 ∈ N large enough so that i ≤ k1 whenever
Ui ∈ V1. Further choose k2 > k1 so that i ≤ k2 whenever Ui ∈ V2 and so on. Again
choose a sequence l1 < l2 < · · · such that ∪j>l1Vj ⊆ Uk1 and ∪j>lmVj ⊆ Uklm
for m > 1. Take Zn = ∪ln≤j<ln+1Vj for each n ∈ N. Clearly ∪n∈NZn is an open
Bs-cover and {Zn : n ∈ N} is a partition of it into pairwise disjoint finite sets.
Again by Lemma 3.1, at least one of ∪n∈NZ2n and ∪n∈NZ2n−1 must be an open
Bs-cover and without any loss of generality assume that ∪n∈NZ2n is the one. Write
V = ∪n∈NZ2n. Define ϕ : V → N by ϕ(V ) = n if V ∈ Z2n. Then for all V,W ∈ V
with ϕ(V ) 6= ϕ(W ), f({V,W}) = i.
(2)⇒ (1). Let {Un : n ∈ N} be a sequence of open Bs-covers of X and let Un =
{Unm : m ∈ N} for each n ∈ N. Consider the collection V = {U
1
m ∩ U
m
k : m, k ∈ N}.
To see that V is an open Bs-cover, let B ∈ B. There are δ1, δ2 > 0 and U1m ∈ U1,
Umk ∈ Um such that B
δ1 ⊆ U1m and B
δ2 ⊆ Umk . Choosing δ = min{δ1, δ2}, we get
that Bδ ⊆ U1m ∩ U
m
k . Define f : [V ]
2 → {1, 2} by
f({U1m1 ∩ U
m1
k1
, U1m2 ∩ U
m2
k2
}) =
{
1 if m1 = m2
2 if m1 6= m2
.
By (2), there are a Bs-subcover W = {Vj : j ∈ N} of V where Vj = U1mj ∩ U
mj
kj
,
a finite-to-one function ϕ : W → N and a i ∈ {1, 2} such that for all Vj , Vp ∈ W
whenever ϕ(Vj) 6= ϕ(Vp), f({Vj, Vp}) = i.
If i = 1. Then for all j, p ∈ N, mj = mp i.e. mj = m1 for all j ∈ N which
implies that every element of W refines U1m1 . But this contradicts that W is an
open Bs-cover of X . Therefore we must have i = 2.
Let Z = {U
mj
kj
: j ∈ N}. Clearly Z is an open Bs-cover as W refines Z. Choose
Zn = {U
mj
kj
: mj = n}. Zn’s are either empty or finite. Otherwise there will
be infinitely many j ∈ N with mj = n. Since ϕ is finite-to-one, choose j, p with
mj = mp = n and ϕ(Vj) 6= ϕ(Vp), then f({Vj , Vp}) = 2 i.e. mj 6= mp, which is a
contradiction. Hence {Zn : n ∈ N} is a sequence of finite sets with Zn ⊆ Un for
each n ∈ N witnessing Sfin(OBs ,OBs). 
Using the method of proof of Theorem 3.5, the induction argument on n and k
and the usual method for proving the Ramsey theoretic statements for n > 2, k > 2
(see, for example, [20, Theorem 1] and [26, Theorem 25]), we obtain the following
result.
Theorem 3.6. Let B be a bornology on X with closed base. The following state-
ments are equivalent.
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(1) X satisfies S1(OBs ,OBs).
(2) X satisfies OBs → (OBs)22, provided X is B
s-Lindelo¨f.
(3) X satisfies OBs → (OBs)nk for each n, k ∈ N, provided X is B
s-Lindelo¨f.
Theorem 3.7. Let B be a bornology on X with closed base. The following state-
ments are equivalent.
(1) X satisfies S1(OBs ,ΓBs).
(2) ONE does not have a winning strategy in G1(OBs ,ΓBs) on X.
(3) X satisfies OBs → (ΓBs)nk for each n, k ∈ N, provided X is B
s-Lindelo¨f.
Proof. The equivalence (1)⇔ (2) is already proved in [10, Theorem 3.7]. We prove
the implications (2)⇒ (3) and (3)⇒ (1).
(2)⇒ (3). For this proof we follow the line of argument of [26, Theorem 30]. Let
U be an open Bs-cover of X and let f : [U ]2 → {1, . . . , k} be a coloring. Enumerate
U bijectively as {U(n) : n ∈ N}. We define a strategy σ for ONE in G1(OBs ,ΓBs)
as follows.
Define σ(∅) = U , the first move of ONE. TWO responds by selecting U(n1) ∈ U .
Now U\{U(n1)} can be expressed as ∪
k
i=1Ti, where Ti = {V ∈ U : f({U(n1), V }) = i}
for i = 1, . . . , k. By Lemma 3.1, at least one of Ti’s is an open B
s-cover of X
and assume it to be Ti(n1) . Clearly Ti(n1) = {V ∈ σ(∅) : f({U(n1), V }) = i(n1)}.
Enumerate Ti(n1) bijectively as {U(n1,m) : m ∈ N}. Now define σ(U(n1)) = {U(n1,m) :
m ∈ N}. TWO responds by selecting U(n1,n2). Continuing this way, we obtain a
i(n1,...,nr) ∈ {1, . . . , k} and an open B
s-cover {V ∈ τ(U(n1), . . . , U(n1,...,nr−1)) :
f({U(n1,...,nr), V }) = i(n1,...,nr)} which is enumerated bijectively as {U(n1,...,nr,m) :
m ∈ N}. Then define σ(U(n1), . . . , U(n1,...,nr)) = {U(n1,...,nr ,m) : m ∈ N}. TWO
responds by selecting U(n1,...,nr+1) and so on.
This defines a strategy σ for ONE in G1(OBs ,ΓBs). By (2), σ is not a winning
strategy for ONE. Consider a play
σ(∅), U(n1), . . . , σ(U(n1), . . . , U(n1,...,nr)), U(n1,...,nr+1), . . .
which is lost by ONE. Therefore
U(n1), . . . , U(n1,...,nr+1), . . .
should form a γBs-cover of X . Since for all r ∈ N, i(n1,...,nr) ∈ {1, . . . , k}, there
is a i ∈ {1, . . . , k} such that for infinitely many r ∈ N, i(n1,...,nr) = i. Let V =
{U(n1,...,nr) : i(n1,...,nr) = i}. As every infinite subset of a γBs-cover is a γBs-cover,
V is a γBs-cover of X . Finally note that, from the construction of the game, for any
r, s ∈ N with r < s we must have f({U(n1,...,nr), U(n1,...,ns)}) = i(n1,...,nr). Therefore
for any V,W ∈ V with V 6=W , f({V,W}) = i. Hence (3) holds.
(3) ⇒ (1). Let {Un : n ∈ N} be a sequence of open Bs-covers of X . Let
Un = {Unp : p ∈ N}. Consider the collection Vn = {U
1
p1
∩ U2p2 ∩ · · · ∩ U
n
pn
: U ipi ∈
Ui, 1 < p1 < p2 < · · · < pn} for each n ∈ N. Then Vn’s are open Bs-covers
of X . For convenience, we write Vn = {V nm : m ∈ N} for n ∈ N. Now define
V = {V 1m ∩ V
m
k : m, k ∈ N}. Clearly V is an open B
s-cover of X . Define a coloring
f : [V ]2 → {1, 2} by
f({V 1m1 ∩ V
m1
k1
, V 1m2 ∩ V
m2
k2
}) =
{
1 if m1 = m2
2 if m1 6= m2
By (3), there are a W ∈ ΓBs with W ⊆ V , a function ϕ : W → N and a i ∈ {1, 2}
such that for U, V ∈ W , f({U, V }) = i.
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Clearly i = 2. As i = 1 would imply that every element of W refines V 1m1 ,
contradicting that W is a γBs-cover of X .
Enumerate W as {V 1mj ∩ V
mj
kj
: j ∈ N} where m1 < m2 < · · · . Consider
{V
mj
kj
: j ∈ N} which is a γBs-cover of X as W is a γBs-cover of X . The elements
of Vn are of the form U1p1 ∩ U
2
p2
∩ · · · ∩ Unpn where U
i
pi
∈ Ui. For each n ∈ [1,m1],
we choose the n-th coordinate Unpn in the representation of V
m1
k1
and for each j > 1
and n ∈ (mj−1,mj ], choose the nth coordinate Unpn in the representation of V
mj
kj
.
Clearly {Unpn : n ∈ N} is a γBs-cover of X and hence X satisfies S1(OBs ,ΓBs). 
4. The Bs-Hurewicz property and the Bs-Gerlits-Nagy property
4.1. Some observations on Bs-Hurewicz property. In [10], the notion of
strong B-Hurewicz property (or in short, Bs-Hurewicz property) was introduced
and several of its basic properties were established. In this section first we again
look back at this very important property and present some more new observations.
Recall that X is said to have the Bs-Hurewicz property if for each sequence
{Un : n ∈ N} of open Bs-covers of X , there is a sequence {Vn : n ∈ N} where Vn is
a finite subset of Un for each n ∈ N, such that for every B ∈ B there exist a n0 ∈ N
and a sequence {δn : n ≥ n0} of positive real numbers satisfying Bδn ⊆ U for some
U ∈ Vn for all n ≥ n0.
Proposition 4.1. Let B be a bornology on X with a compact base B0 and (Y, ρ)
be a another metric space. Let f : X → Y be a continuous function on X. If X
has the Bs-Hurewicz property then f(X) has the f(B)s-Hurewicz property.
Proof. Let {Un : n ∈ N} be a sequence of open f(B)s-covers of f(X). By Lemma
2.1, for each n ∈ N, U ′n = {f
−1(U) : U ∈ Un} is an open Bs-cover of X . In view of
the Bs-Hurewicz property of X , we can find a sequence {V ′n : n ∈ N} of finite sets
with V ′n ⊆ U
′
n for each n, such that for each B ∈ B there exist a n0 and a sequence
{δn : n ≥ n0} of positive reals satisfying Bδn ⊆ f−1(U) for some f−1(U) ∈ V ′n
for all n ≥ n0. For each n choose Vn = {U ∈ Un : f−1(U) ∈ V ′n}. We show that
{Vn : n ∈ N} witnesses the f(B)s-Hurewicz property for f(X). Let B′ ∈ f(B0) and
say B′ = f(B) where B ∈ B0. We can find a n0 ∈ N and a sequence {δn : n ≥ n0}
of positive reals satisfying Bδn ⊆ f−1(U) for some f−1(U) ∈ V ′n for all n ≥ n0.
Subsequently f(B) ⊆ U for some U ∈ Vn for all n ≥ n0. Since f(B) is compact, for
each n ≥ n0 there is a εn > 0 such that f(B)εn ⊆ U . This shows that {Vn : n ∈ N}
witnesses the f(B)s-Hurewicz property for f(X). 
Proposition 4.2. Let B be a bornology on X with a compact base B0. If X has
the Bs-Hurewicz property then every continuous image of X into NN is bounded.
Proof. Let ρ be the Baire metric on NN and ϕ : X → NN be continuous. By
Proposition 4.1, ϕ(X) has the ϕ(B)s-Hurewicz property. Consider Un = {Unk : k ∈
N} where Unk = {f ∈ N
N : f(n) ≤ k} for n, k ∈ N which is an open ϕ(B)s-cover of
ϕ(X).
Apply ϕ(B)s-Hurewicz property to {Un : n ∈ N} to obtain {Vn : n ∈ N} where
each Vn is a finite subset of Un such that for each B ∈ ϕ(B0) there exist a n0 and
a sequence {δn : n ≥ n0} of positive real numbers satisfying Bδn ⊆ Unk for some
Unk ∈ Vn and for all n ≥ n0. Define a function h : N→ N by h(n) = max{k : U
n
k ∈
Vn}. We now show that for any f ∈ ϕ(X), f ≤∗ h holds. For f ∈ ϕ(X) choose a
B0 ∈ ϕ(B0) such that f ∈ B0. Now choose a n0 and a sequence {δn : n ≥ n0} of
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positive real numbers satisfying Bδn0 ⊆ U
n
k for some U
n
k ∈ Vn and for all n ≥ n0 i.e.
f ∈ Unk for some U
n
k ∈ Vn and for all n ≥ n0 i.e. f(n) ≤ h(n) for all n ≥ n0. Thus
f ≤∗ h holds and hence ϕ(X) is bounded. 
The following result provides an important insight into the spaces with Bs-
Hurewicz property in terms of the cardinality of the base of the bornology and the
significance of the result is due to the fact that several known bornolocical spaces
have closed bases.
Theorem 4.1. Let B be a bornology on X with a closed base B0. If |B0| < b then
X has the Bs-Hurewicz property.
Proof. Let {Un : n ∈ N} be a sequence of openBs-covers ofX . Let Un = {Unm : m ∈
N} for n ∈ N. For B ∈ B0 there are δ > 0 and Unm ∈ Un such that B
δ ⊆ Unm. For
each B ∈ B0, define a function fB : N→ N by fB(n) = min{m ∈ N : Bδ ⊆ Unm for
some δ > 0}. Consider the set {fB : B ∈ B0}. Since |B0| < b, there is a g : N→ N
such that fB ≤∗ g for all B ∈ B0. For each n ∈ N, choose Vn = {Unm : m ≤ g(n)}.
We claim that {Vn : n ∈ N} witnesses the Bs-Hurewicz property.
To see this we will show that for B ∈ B there is a n0 ∈ N and a sequence
{δn : n ≥ n0} of positive real numbers such that Bδn ⊆ U for some U ∈ Vn for
all n ≥ n0. For B ∈ B choose B0 ∈ B0 with B ⊆ B0. Since fB0 ≤
∗ g, there is a
n0 ∈ N such that fB0(n) ≤ g(n) for all n ≥ n0. Now by definition of fB0 , for each
n ≥ n0 there is a δn > 0 such that B
δn
0 ⊆ U
n
fB0(n)
. Clearly UnfB0 (n)
∈ Vn for all
n ≥ n0. So we have a sequence {δn : n ≥ n0} of positive real numbers such that
Bδn ⊆ Bδn0 ⊆ U for some U ∈ Vn for all n ≥ n0. Hence X has the B
s-Hurewicz
property.

Theorem 4.2. Let B be a bornology on X with closed base. If X has the Bs-
Hurewicz property then CDRsub(OBs ,OBs) holds.
Proof. Let {Un : n ∈ N} be a sequence of open Bs-covers of X . Let {Yn : n ∈ N}
be a partition of N into infinite subsets. Since X has the Bs-Hurewicz property,
ONE has no winning strategy in the Bs-Hurewicz game. We define a strategy σ
for ONE in the Bs-Hurewicz game as follows.
Let the first move of ONE be σ(∅) = U1. TWO responds by choosing a finite
set V1 ⊆ U1. Choose a k for which 1 ∈ Yk and define σ(V1) = Uk \ V1. TWO
responds by choosing a finite set V2 ⊆ Uk. Suppose that Vn has been chosen. Now
define σ(V1,V2, . . . ,Vn) = Um \ {V1 ∪ V2 ∪ · · · ∪ Vn} whenever n ∈ Ym. TWO
responds by choosing a finite set Vn+1 ⊆ Um. This define a strategy σ for ONE in
the Bs-Hurewicz game. Since σ is not a winning strategy for ONE, consider a play
σ(∅),V1, σ(V1),V2, . . . , σ(V1,V2, . . . ,Vn),Vn+1, . . .
which is lost by ONE. Thus for any B ∈ B there exist a n0 and a sequence {δn :
n ≥ n0} of positive real numbers satisfying Bδn ⊆ U for some U ∈ Vn for all
n ≥ n0. Observe that the collection {Vn : n ∈ N} is pairwise disjoint by the
construction of the strategy. Now for each m ∈ N, let Rm = ∪n∈YmVn+1. Clearly
{Rn : n ∈ N} is a collection of pairwise disjoint open Bs-covers of X witnessing
CDRsub(OBs ,OBs). 
Theorem 4.3. Let B be a bornology on X with closed base. The following state-
ments are equivalent.
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(1) X has the Bs-Hurewicz property.
(2) X satisfies Sfin(OBs ,O
gp
Bs
).
(3) ONE does not have a winning strategy in Gfin(OBs ,O
gp
Bs
).
(4) X satisfies OBs → ⌈O
gp
Bs
⌉2k for each k ∈ N, provided X is B
s-Lindelo¨f.
Proof. The equivalences of (1), (2) and (3) are due to [10, Theorem 4.2]. We will
prove the implications (3)⇒ (4) and (4)⇒ (2).
(3) ⇒ (4). This proof is inspired by the arguments used in [20, Theorem 3].
Let U be an open Bs-cover of X and let f : [U ]2 → {1, . . . , k} be a coloring.
Enumerate U bijectively as {Un : n ∈ N}. Let Ti = {Uj : j > 1, f({U1, Uj}) = i}
for i ∈ {1, . . . , k}. We can write U \ {U1} = ∪
k
i=1Ti. By Lemma 3.1, there is a
i1 ∈ {1, . . . , k} such that Ti1 is an open B
s-cover of X . Let U1 = Ti1 . Applying
the same argument inductively we obtain sequences {Un : n ∈ N} and {in : n ∈ N}
such that Un+1 ⊆ Un and Un+1 = {Uj ∈ Un : j > n + 1, f({Un+1, Uj}) = in+1}
for all n ∈ N. Let Wi = {Un : in = i} for each i ∈ {1, . . . , k}. Now each Un can
be expressed as ∪ki=1(Un ∩ Wi). Again Lemma 3.1 implies that there must be a
in ∈ {1, . . . , k} such that Un ∩Win is an open B
s-cover of X . Since Un+1 ⊆ Un for
each n ∈ N, we can assume that there is a i0 ∈ {1, . . . , k} such that in = i0 for all
n ∈ N.
Define a strategy τ for ONE in Gfin(OBs ,O
gp
Bs
) as follows. Let the first move of
ONE be τ(∅) = U1 ∩Wi0 . TWO selects a finite set V1 ⊆ τ(∅). Let n1 = max{n ∈
N : Un ∈ V1}. Let the next move of ONE be τ(V1) = Un1 ∩ Wi0 . TWO selects
a finite set V2 ⊆ τ(V1). Clearly V1 ∩ V2 = ∅. Let n2 = max{n ∈ N : Un ∈ V2}.
Again let τ(V1,V2) = Un2 ∩ Wi0 . TWO selects a finite set V3 ⊆ τ(V1,V2) and so
on. Clearly {Vr : r ∈ N} are pairwise disjoint.
This defines τ a strategy for ONE in Gfin(OBs ,O
gp
Bs
). Since τ is not a winning
strategy for ONE, consider a play
τ(∅),V1, . . . , τ(V1, . . . ,Vr),Vr+1, . . . .
which is lost by ONE. So ∪r∈NVr ∈ O
gp
Bs
. Let V = ∪r∈NVr. Then V ∈ O
gp
Bs
and
{Vr : r ∈ N} is a partition of V into pairwise disjoint finite sets such that for any
V,W ∈ V where V ∈ Vr and W ∈ Vs with r 6= s, f({V,W}) = i0. This shows that
(4) holds.
(4) ⇒ (2) Clearly X satisfies OBs → ⌈OBs⌉22. By Theorem 3.5, X satisfies
Sfin(OBs ,OBs). Now we show that every countable open Bs-cover of X is Bs-
groupable. Let U be a countable open Bs-cover of X . Let {Un : n ∈ N} be a
partition of U into nonempty finite sets. Define a coloring f : [U ]2 → {1, 2} by
f({U, V }) = 1 if U, V ∈ Un for some n ∈ N and f({U, V }) = 2 otherwise. By
(4), there is a V ∈ Ogp
Bs
with V ⊆ U . So there is a sequence {Vn : n ∈ N} of
pairwise disjoint finite subsets of V witnessing the Bs-groupability of V . Since U is
countable, the elements of U \V can be distributed among Vn’s so that {Vn : n ∈ N}
witnesses the Bs-groupability of U . Hence X satisfies Sfin(OBs ,O
gp
Bs
).

Our next results concerns with the Bs-Hurewicz property of product spaces.
For a metric space (X, d) one can consider the product space Xn endowed with the
product metric dn defined as
dn((x1, . . . , xn), (y1, . . . , yn)) = max{d(x1, y1), . . . , d(xn, yn)}.
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Let B be a bornology on X with closed base B0. In [15], it has been shown
that the collection {Bn : B ∈ B} generates a bornology on Xn. We denote that
bornology on Xn by Bn. Further it can be easily verified that for any n ∈ N and
δ > 0, (Bδ)n = (Bn)δ which we will need repeatedly. We start with the following
simple observation followed by a result on selection principles (Theorem 4.4) which
though not related to the main topic of this section is interesting in its own right.
Lemma 4.1. Let B be a bornology on X with a compact base B0. If U is an
open (Bn)s-cover of Xn, then there exists an open Bs-cover V of X such that
{V n : V ∈ V} is an open (Bn)s-cover of Xn which refines U .
Proof. Let U be an open (Bn)s-cover of Xn. Let B ∈ B0. Then for Bn ∈ Bn there
exist a δ > 0 and U ∈ U such (Bn)δ ⊆ U . Since B is a compact subset of X and U
is open in Xn containing Bn, we use Wallace Theorem [11] to find an open set VB
in X such that Bn ⊆ V nB ⊆ U . Consider the collection V = {VB : B ∈ B0}. We
intend to show that V is an open Bs-cover of X . For B ∈ B0, we have B ⊆ VB.
Since VB is open and B is compact with B ⊆ VB, there is a δ > 0 such that
Bδ ⊆ VB. Therefore V = {VB : B ∈ B0} is an open Bs-cover of X .
Again for B ∈ B0, (Bδ)n ⊆ V nB i.e. (B
n)δ ⊆ V nB and VB ⊆ U for some U ∈ U
implying that {V n : V ∈ V} is an open (Bn)s-cover of Xn as well as refines U . 
Theorem 4.4. Let Π ∈ {S1, Sfin} and P ,Q ∈ {O,Γ}. Let B be a bornology on X
with compact base. The following statements are equivalent.
(1) X satisfies Π(PBs ,QBs).
(2) Xn satisfies Π(P(Bn)s ,Q(Bn)s) for each n ∈ N.
Proof. We only present the proof for the case Π = S1, P = O and Q = O as other
cases follow analogously.
(1) ⇒ (2). Let {Um : m ∈ N} be a sequence of open (Bn)s-covers of Xn.
By Lemma 4.1, for each Um there exists an open B
s-cover Vm of X such that
{V n : V ∈ Vm} refines Um. Apply S1(OBs ,OBs) to the sequence {Vm : m ∈ N}
to choose Vm ∈ Vm for each m ∈ N so that {Vm : m ∈ N} becomes an open Bs-
cover of X . Now for each Vm we can choose a Um ∈ Um such that V nm ⊆ Um. We
will show that {Um : m ∈ N} is an open (Bn)s-cover of Xn. Let Bn ∈ Bn. For
B ∈ B there exist a δ > 0 and a Vm such that Bδ ⊆ Vm. So (Bδ)n ⊆ V nm i.e.
(Bn)δ ⊆ V nm ⊆ Um. Therefore {Um : m ∈ N} is an open (B
n)s-cover of Xn. Hence
Xn satisfies S1(O(Bn)s ,O(Bn)s).
(2) ⇒ (1). Let {Um : m ∈ N} be a sequence of open Bs-covers of X . For each
m ∈ N, let U ′m = {U
n : U ∈ Um}. Clearly U ′m’s are open (B
n)s-cover of Xn.
Now consider the sequence {U ′m : m ∈ N} of open (B
n)s-covers of Xn. Since Xn
satisfies S1(O(Bn)s ,O(Bn)s), there is an open (B
n)s-cover {Unm : m ∈ N} of X
n
with Unm ∈ U
′
m for each m ∈ N. We will show that {Um : m ∈ N} with Um ∈ Um for
m ∈ N is an open Bs-cover of X . Let B ∈ B. Then for Bn ∈ Bn there exist a δ > 0
and Unm such that (B
n)δ ⊆ Unm i.e. (B
δ)n ⊆ Unm i.e. B
δ ⊆ Um. So {Um : m ∈ N}
is an open Bs-cover of X . Hence X satisfies S1(OBs ,OBs). 
Theorem 4.5. Let B be a bornology on X with compact base. The following
statements are equivalent.
(1) X has the Bs-Hurewicz property.
(2) Xn has the (Bn)s-Hurewicz property for each n ∈ N.
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Proof. We only present proof of (1)⇒ (2).
(1)⇒ (2). Let {Uk : k ∈ N} be a sequence of open (Bn)s-covers of Xn. By Lemma
4.1, for each k there exists an open Bs-cover Vk of X such that {V n : V ∈ Vk}
refines Uk. Consider the sequence {Vk : k ∈ N}. By (1), there is a sequence
{Wk : k ∈ N} of finite sets with Wk ⊆ Vk for each k such that for B ∈ B there
exist a m0 ∈ N and a sequence {δm : m ≥ m0} of positive reals satisfying Bδm ⊆ V
for some V ∈ Wk for all m ≥ m0. Now for each k we can choose a finite subset Zk
of Uk such that for each V ∈ Wk there is a U ∈ Zk with V n ⊆ U . We will show
that {Zk : k ∈ N} witnesses the (Bn)s-Hurwicz property of Xn. Let Bn ∈ Bn.
Note that for B ∈ B there already exist a p0 ∈ N and a sequence {δp : p ≥ p0} of
positive reals satisfying Bδp ⊆ V for some V ∈ Wk for all p ≥ p0 i.e. (Bn)δp ⊆ U
for some U ∈ Zk for all p ≥ p0. Hence Xn has the (Bn)s-Hurewicz property.

Combining Theorem 4.3 and Theorem 4.5, we obtain the following.
Theorem 4.6. Let B be a bornology on X with compact base. The following
statements are equivalent.
(1) Xn has the (Bn)s-Hurewicz property for each n ∈ N.
(2) X satisfies Sfin(OBs ,O
gp
Bs
).
(3) ONE does not have a winning strategy in Gfin(OBs ,O
gp
Bs
) on X.
(4) X satisfies OBs → ⌈O
gp
Bs
⌉2k for each k ∈ N, provided X is B
s-Lindelo¨f.
4.2. The strong B-Gerlits-Nagy property and some observations. It is
well known that the Gerlits-Nagy property was introduced in the seminal paper
of the authors [13] as a property stronger than the classical Hurewicz property
and had been extensively investigated since then (see [28, 31] for example). In
particular in [20] certain new characterizations of this property were established
using the notion of groupability of open covers. In this section we introduce the
notion of strong B-Gerlits-Nagy property (which has not been investigated at all in
bornological settings) and while defining the concept, follow the line of [20] which
seems more effective for our purpose.
Definition 4.1. Let B be a bornology on X with closed base. X is said to have the
strong B-Gerlits-Nagy property (in short, Bs-Gerlits-Nagy property) if X satisfies
the selection principle S1(OBs ,O
gp
Bs
).
It is clear that S1(OBs ,ΓBs) implies S1(OBs ,O
gp
Bs
) which shows that every
γBs-set has the B
s-Gerlits-Nagy property. Again S1(OBs ,O
gp
Bs
) evidently implies
Sfin(OBs ,O
gp
Bs
) which in turn assures the Bs-Hurewicz property by [10, Theorem
4.2]. Therefore as in the classical case, if X has the Bs-Gerlits-Nagy property
then X has the Bs-Hurewicz property and further it satisfies S1(OBs ,OBs). Be-
low we prove certain results in line of [20] where the proofs are done with suitable
modifications as is necessary for bornological structures.
The following example shows that the real line associated with a bornology has
the Bs-Gerlits-Nagy property.
Example 4.1. Consider the real line X = R with the Euclidean metric d and the
bornology B generated by {(−x, x) : x > 0}. We show that X has the Bs-Gerlits-
Nagy property. To see this, let {Un : n ∈ N} be a sequence of open Bs-covers of X.
Then clearly for each k ∈ N, there is a U ∈ Un such that (−k, k) ⊆ U (by choosing
(−k, k) ∈ B).
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Consider a sequence of positive integers k1 < k2 < · · · . For each n ∈ N, choose a
Un ∈ Un such that (−kn, kn) ⊆ Un. We show that {Un : n ∈ N} ∈ O
gp
Bs
. For this we
choose Vn = {Un} for each n ∈ N. Now we show that {Vn : n ∈ N} is the sequence
of pairwise disjoint finite sets witnessing the Bs-groupability of {Un : n ∈ N}. Let
B ∈ B. Clearly U = {(−n, n) : n ∈ N} is a γBs-cover of X. Consequently we
can find a n0 ∈ N and a sequence of positive real numbers {δn : n ≥ n0} such that
Bδn ⊆ (−n, n) for all n ≥ n0 i.e. Bδn ⊆ (−kn, kn) ⊆ Un for Un ∈ Vn for all
n ≥ n0. Therefore {Un : n ∈ N} ∈ O
gp
Bs
and so X satisfies S1(OBs ,O
gp
Bs
). Hence
X has the Bs-Gerlits-Nagy property.
Theorem 4.7. Let B be a bornology on X with closed base. The following state-
ments are equivalent.
(1) X has the Bs-Gerlits-Nagy property.
(2) X has the Bs-Hurewicz property as well as it satisfies S1(OBs ,OBs).
Proof. (1)⇒ (2). By (1), X satisfies S1(OBs ,O
gp
Bs
) which implies that X satisfies
Sfin(OBs ,O
gp
Bs
) as well as S1(OBs ,OBs). Again by [10, Theorem 4.2], X has the
Bs-Hurewicz property. Hence (2) holds.
(2) ⇒ (1). Let {Un : n ∈ N} be a sequence of open Bs-covers of X . Apply
S1(OBs ,OBs) to {Un : n ∈ N} to choose a Un ∈ Un for each n ∈ N such that
{Un : n ∈ N} is an open Bs-cover of X . Using that X has the Bs-Hurewicz
property and [10, Lemma 4.2], {Un : n ∈ N} is a Bs-groupable cover of X . Thus
X satisfies S1(OBs ,O
gp
Bs
). 
Proposition 4.3. Let B be a bornology on X with a closed base B0. If |B0| <
add(M) then X has the Bs-Gerlits-Nagy property.
Proof. Since add(M) = min{b, cov(M)} and |B0| < add(M), so |B0| < cov(M)
as well as |B0| < b. By Theorem 3.2, |B0| < cov(M) implies that X satisfies
S1(OBs ,OBs). Again in view of |B0| < b and Theorem 4.1, we can conclude that
X has the Bs-Hurewicz property. Hence X has the Bs-Gerlits-Nagy property. 
Theorem 4.8. Let B be bornology on X with closed base. The following statements
are equivalent.
(1) X has the Bs-Gerlits-Nagy property.
(2) X satisfies OBs → (O
gp
Bs
)nk for each n, k ∈ N.
Proof. (1) ⇒ (2). Let U be an open Bs-cover of X and f : [U ]n → {1, . . . , k} be
a coloring. Since X satisfies S1(OBs ,OBs), X also satisfies OBs → (OBs)nk by
Theorem 3.6. Consequently there are a V ⊆ U with V ∈ OBs and a i ∈ {1, . . . , k}
such that for each V ∈ [V ]n, f(V ) = i. By (1), we can find a countable open Bs-
cover V ′ ⊆ V which is Bs-groupable. Thus we have a V ′ ∈ Ogp
Bs
and a i ∈ {1, . . . , k}
such that for each V ∈ [V ′]n, f(V ) = i holds.
(2) ⇒ (1) Clearly X satisfies OBs → (OBs)22. By Theorem 3.6, X satisfies
S1(OBs ,OBs). Now we show that every countable open Bs-cover of X is Bs-
groupable. Let U be a countable open Bs-cover of X . Let {Un : n ∈ N} be a
partition of U into nonempty finite sets. Define a coloring f : [U ]2 → {1, 2} by
f({U, V }) = 1 if U, V ∈ Un for some n ∈ N and f({U, V }) = 2 otherwise. By (2),
there is a V ∈ Ogp
Bs
with V ⊆ U . Therefore U is Bs-groupable. Hence X satisfies
S1(OBs ,O
gp
Bs
).

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Theorem 4.9. Let B be bornology on X with compact base. The following state-
ments are equivalent.
(1) X has the Bs-Gerlits-Nagy property.
(2) Xn has the (Bn)s-Gerlits-Nagy property for each n ∈ N.
Proof. We only prove (1)⇒ (2).
Let {Uk : k ∈ N} be a sequence of open (Bn)s-covers of Xn. By Lemma 4.1, for
each Uk there exists an open Bs-cover Vk of X such that {V n : V ∈ Vk} refines Uk.
Apply S1(OBs ,O
gp
Bs
) to {Vk : k ∈ N} to choose a Vk ∈ Vk for each k ∈ N such that
{Vk : k ∈ N} is a Bs-groupable cover of X . Now for each Vk there is a Uk ∈ Uk
such that V nk ⊆ Uk. We will show that {Uk : k ∈ N} is a (B
n)s-groupable cover of
Xn.
As {Vk : k ∈ N} ∈ O
gp
Bs
, there is a sequence {Wp : p ∈ N} of pairwise disjoint
finite sets such that for B ∈ B there exist a p0 ∈ N and a sequence {δp : p ≥ p0}
of positive reals satisfying Bδp ⊆ Vk for some Vk ∈ Wp for all p ≥ p0. Let Zp for
p ∈ N be a finite subset of {Uk : k ∈ N} such that for each Vk ∈ Wp, V nk ⊆ Uk
for some Uk ∈ Zp. Now as before we will have (B
n)δp = (Bδp)n ⊆ V nk ⊆ Uk for
some Uk ∈ Zp for all p ≥ p0. Therefore {Uk : k ∈ N} is a (Bn)s-groupable cover
of Xn witnessing S1(O(Bn)s ,O
gp
(Bn)s) implying the (B
n)s-Gerlits-Nagy property of
Xn. 
4.3. Observation on product spaces X × Y . We end Section 4 with two more
observations regarding both the properties in product spaces. LetB be a bornology
on X and (Y, ρ) be another metric space. There is a natural bornology B̂ on
(X × Y, d× ρ) induced by B defined as B̂ = {C ⊆ X × Y : piX(C) ∈ B} [6], where
piX : X × Y → X is the projection map. A base for B̂ is {B × Y : B ∈ B}.
Lemma 4.2. Let B be a bornology on X with compact base and (Y, ρ) be another
compact metric space. If U is an open (B̂)s-cover of X × Y , then there exists an
open Bs-cover V of X such that {V × Y : V ∈ V} refines U .
The proof is analogous to the proof of Lemma 4.1.
Theorem 4.10. Let B be a bornology on X with compact base and (Y, ρ) be another
compact metric space. The following statements hold.
(1) X satisfies S1(OBs ,ΓBs) if and only if X × Y satisfies S1(O(B̂)s ,Γ(B̂)s).
(2) X has the Bs-Hurewicz property if and only if X×Y has the (B̂)s-Hurewicz
property.
(3) X has the Bs-Gerlits-Nagy property if and only if X × Y has the (B̂)s-
Gerlits-Nagy property.
Let (Y, dY ) be a subspace of (X, d) where dY is the induced metric on Y ⊆ X .
Let B be a bornology on X . It can be easily checked that BY = {B ∩ Y : B ∈ B}
is a bornology on Y . If Y is closed and B has a compact base, then BY has a
compact base. The following result needs no further explanations.
Lemma 4.3. Let B be a bornology on X with compact base and Y be a closed
subset of X. The following statements are true.
(1) If X satisfies S1(OBs ,ΓBs), then Y satisfies S1(OBs
Y
,ΓBs
Y
).
(2) If X has the Bs-Hurewicz property, then Y has the BsY -Hurewicz property.
(3) If X has the Bs-Gerlits-Nagy property, then Y has the BsY -Gerlits-Nagy
property.
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5. Results in function spaces
5.1. Further observations regarding selection principles and C(X). In this
section we continue our investigation of selection principles in function spaces which
we had started in [10] and establish some new results which have not been discussed
in earlier articles.
As before, let B be a bornology on (X, d) with closed base and (Y, ρ) be another
metric space. For f ∈ C(X,Y ), the neighbourhood of f with respect to the topology
τs
B
of strong uniform convergence is denoted by
[B, ε]s(f) = {g ∈ C(X,Y ) : ∃δ > 0, ρ(f(x), g(x)) < ε, ∀x ∈ Bδ},
for B ∈ B, ε > 0 ( [6, 8]).
The symbol 0 denotes the zero function in (C(X), τs
B
). The space (C(X), τs
B
) is
homogeneous and so it is enough to concentrate at the point 0 when dealing with
local properties of this function space.
We start with recollecting the following result from [9] which will be useful in
our context.
Lemma 5.1. ( [9, Lemma 2.2]) Let B be a bornology on the metric space (X, d)
with closed base. The following statements hold.
(a) Let U be an open Bs-cover of X. If A = {f ∈ C(X) : ∃U ∈ U , f(x) =
1 for all x ∈ X \ U}. Then 0 ∈ A \A in (C(X), τs
B
).
(b) Let A ⊆ (C(X), τs
B
) and let U = {f−1(− 1
n
, 1
n
) : f ∈ A}, where n ∈ N. If 0 ∈ A
and X /∈ U , then U is an open Bs-cover of X.
The following exemplary observation about γBs-covers is also useful.
Lemma 5.2. Let B be a bornology on X with closed base. Let A = {fn : n ∈ N}
be a sequence of functions in (C(X), τs
B
). If A ∈ Σ0 then for any neighbourhood U
of 0 in the real line, {f−1n (U) : n ∈ N} is a γBs-cover of X.
Proof. As U is a neighbourhood of 0, we can find a ε > 0 such that (−ε, ε) ⊆ U .
Let B ∈ B. Consider the neighbourhood [B, ε]s(0) of 0. Since {fn : n ∈ N}
converges to 0 with respect to τs
B
, we can choose a n0 ∈ N such that fn ∈ [B, ε]s(0)
for all n ≥ n0. This means that for each n ≥ n0 there exists a δn > 0 such
Bδn ⊆ f−1n (−ε, ε) ⊆ f
−1
n (U) i.e. for the sequence {δn : n ≥ n0} of positive real
numbers we have Bδn ⊆ f−1n (U) for all n ≥ n0. Hence {f
−1
n (U) : n ∈ N} is a
γBs-cover of X . 
Proposition 5.1. Let B be a bornology on X with closed base. If X satisfies
S1(ΓBs ,ΓBs) then (C(X), τ
s
B
) satisfies S1(Σ0,Σ0).
Proof. Let {An : n ∈ N} be a sequence of elements in Σ0, where An = {fn,k : k ∈ N}
for n ∈ N. Consider the set Un = {f
−1
n,k(−
1
n
, 1
n
) : k ∈ N}. By Lemma 5.2, each
Un is a γBs-cover of X . Now apply S1(ΓBs ,ΓBs) to {Un : n ∈ N} to choose a
f−1n,kn(−
1
n
, 1
n
) ∈ Un for each n ∈ N such that {f
−1
n,kn
(− 1
n
, 1
n
) : n ∈ N} ∈ ΓBs .
We claim that {fn,kn : n ∈ N} converges to 0. Let [B, ε]
s(0) be neighbourhood
of 0 where B ∈ B and ε > 0. First choose n1 ∈ N such that 1n1 < ε. Since
{f−1n,kn(−
1
n
, 1
n
) : n ∈ N} is a γBs-cover, there exist a n0 and a sequence {δn : n ≥ n0}
of positive real numbers such that Bδn ⊆ f−1n,kn(−
1
n
, 1
n
) for all n ≥ n0. Clearly
Bδn ⊆ f−1n,kn(−ε, ε) for all n ≥ n2, where n2 = max{n0, n1}. This shows that
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{fn,kn : n ∈ N} converges to 0 with respect to τ
s
B
. Therefore (C(X), τs
B
) satisfies
S1(Σ0,Σ0). 
Theorem 5.1. Let B be a bornology on X with closed base. The following state-
ments are equivalent.
(1) ONE has no winning strategy in G1(OBs ,ΓBs) on X.
(2) ONE has no winning strategy in G1(Ω0,Σ0) on (C(X), τ
s
B
).
Proof. Let σ be a strategy for ONE in G1(Ω0,Σ0) on (C(X), τ
s
B
). We now use σ
to define a strategy ψ for ONE in G1(OBs ,ΓBs) on X as follows.
The first move of ONE in G1(Ω0,Σ0) is σ(∅). Let U1 = {f−1(−1, 1) : f ∈ σ(∅)}
and assume that X 6∈ U1. By Lemma 5.1, U1 is an open Bs-cover of X . Define
ψ(∅) = U1, the first move of ONE in G1(OBs ,ΓBs). TWO responds with U1 =
f−11 (−1, 1). Let the move of TWO in G1(Ω0,Σ0) be f1. To define ψ(U1), we look
at the move σ(f1) of ONE in G1(Ω0,Σ0). Consider U2 = {f−1(−
1
2 ,
1
2 ) : f ∈ σ(f1)},
which is again an open Bs-cover of X by Lemma 5.1. Define ψ(U1) = U2. TWO
responds with U2 = f
−1
2 (−
1
2 ,
1
2 ). Let TWO’s move in G1(Ω0,Σ0) be f2 and so on.
This defines a strategy ψ for ONE in G1(OBs ,ΓBs). Since ψ is not a winning
strategy, consider a ψ-play
ψ(∅), U1, ψ(U1), U2, . . .
which is lost by ONE in G1(OBs ,ΓBs). Thus {Un : n ∈ N} is a γBs-cover of X ,
where Un = f
−1
n (−
1
n
, 1
n
) for each n ∈ N. Consequently {fn : n ∈ N} is converges
to 0 with respect to τs
B
.
Now correspond to the ψ-play there is also a σ-play
σ(∅), f1, σ(f1), f2, . . .
in G1(Ω0,Σ0) and {fn : n ∈ N} ∈ Σ0. Hence σ is not a winning strategy for ONE
in G1(Ω0,Σ0).
(2) ⇒ (1). Let ψ be a strategy for ONE in G1(OBs ,ΓBs) on X . We define a
strategy σ for ONE in G1(Ω0,Σ0) on (C(X), τ
s
B
) as follows.
The first move of ONE in G1(OBs ,ΓBs) is ψ(∅) = U1 (say). Since U1 ∈ OBs , for
B ∈ B there are a δ > 0 and a U ∈ U1 such that B2δ ⊆ U . Let U1,B = {U ∈ U1 :
B2δ ⊆ U}. For each U ∈ U1,B choose a fB,U ∈ C(X) such that fB,U (Bδ) = {0}
and fB,U (X \ U) = {1}. Consider the collection A1 = {fB,U : B ∈ B, U ∈ U1,B}.
ClearlyA1 ∈ Ω0. Now define σ(∅) = A1, the first move of ONE in G1(Ω0,Σ0). TWO
responds by choosing fB1,U1 ∈ A1. Let U1 be the TWO’s response in G1(OBs ,ΓBs).
Now let ψ(U1) = U2. We similarly construct A2 = {fB,U : B ∈ B, U ∈ U2,B} which
is in Ω0. Define σ(fB1,U1) = A2. TWO responds by choosing fB2,U2 ∈ A2. Let U2
be the TWO’s response in G1(OBs ,ΓBs) and so on.
This defines a strategy σ for ONE in G1(Ω0,Σ0). Since σ is not a winning
strategy for ONE, consider a σ-play
σ(∅), fB1,U1 , σ(fB1,U1), fB2,U2 , . . .
which is lost by ONE. So {fn : n ∈ N} ∈ Σ0, where fn = fBn,Un , n ∈ N. Consider
{Un : n ∈ N}. Since f−1n (1, 1) ⊆ Un for each n ∈ N, by Lemma 5.2, {Un : n ∈ N})
is a γBs-cover of X .
The corresponding ψ-play in G1(OBs ,ΓBs) is
ψ(∅), U1, ψ(U1), U2, . . . .
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Since {Un : n ∈ N} ∈ ΓBs , ψ is not a winning strategy for ONE in G1(OBs ,ΓBs).

Next we present some applications of well known αi-properties with respect to
the topology of strong uniform convergence on B. In the following results we make
use of the fact that a sequence {fn : n ∈ N} in (C(X), τsB) converges to 0 with
respect to τs
B
if and only if {|fn| : n ∈ N} converges to 0 with respect to τsB.
Theorem 5.2. Let B be a bornology on X with closed base and X is Bs-Lindelo¨f.
The following statements are equivalent.
(1) (C(X), τs
B
) satisfies α2(Ω0,Σ0).
(2) (C(X), τs
B
) satisfies α3(Ω0,Σ0).
(3) (C(X), τs
B
) satisfies α4(Ω0,Σ0).
(4) X satisfies S1(OBs ,ΓBs).
Proof. We only prove (3)⇒ (4) and (4)⇒ (1).
(3)⇒ (4). Let {Un : n ∈ N} be a sequence of open Bs-covers of X . Enumerate
each Un bijectively as {Unk : k ∈ N}. For each n the collection Vn = {U
1
k1
∩ U2k2 ∩
· · · ∩ Unkn : 1 < k1 < k2 < · · · < kn} is an open B
s-cover of X . Now define
An = {f ∈ C(X) : there is a V ∈ Vn with f(X \ V ) = {1}} for each n. By Lemma
5.1, An ∈ Ω0. Now apply (3) to {An : n ∈ N} to obtain a sequence n1 < n2 < · · ·
and a A ∈ Σ0 such that Ani ∩ A 6= ∅ for each i ∈ N. Let fni ∈ Ani ∩ A. Clearly
{fni : i ∈ N} ∈ Σ0. Now there is a V
ni
li
∈ Vni such that fni(X \ V
ni
li
) = {1} for
each i. We claim that {V nili : i ∈ N} is a γBs-cover of X . Let B ∈ B. Since
{fni : i ∈ N} ∈ Σ0, for the neighbourhood [B, 1]
s(0) of 0 there is a i0 such that
fni ∈ [B, 1]
s(0) for all i ≥ i0 i.e. there is a δi > 0 such that |fni(x)| < 1 for all
x ∈ Bδi and i ≥ i0 i.e. Bδi ⊆ f−1ni (−1, 1) ⊆ V
ni
li
for all i ≥ i0. This shows that
{V nili : i ∈ N} is a γBs-cover of X . Now for each n with 1 ≤ n ≤ n1 let Un ∈ Un
be the n-th component in the representation of V n1l1 . Also for each i > 1 and each
n ∈ (ni−1, ni] let Un ∈ Un be the n-th component in the representation of V
ni
li
.
Then it is easy to verify that {Un : n ∈ N} is a γBs-cover of X . Hence X satisfies
S1(OBs ,ΓBs).
(4) ⇒ (1). Let {An : n ∈ N} be a sequence of elements in Ω0. Since X is
Bs-Lindelo¨f, (C(X), τs
B
) has countable tightness. Therefore we can assume that
An’s are countable. Say An = {fn,k : k ∈ N} for each n. We can also assume that
fn,k ≥ 0 for each n and k. By [10, Theorem 3.7] and Theorem 5.1, we can say
that ONE has no winning strategy in G1(Ω0,Σ0) on (C(X), τ
s
B
). We now define a
strategy σ for ONE in G1(Ω0,Σ0) as follows.
Define σ(∅) = A1, the first move of ONE. TWO responds with f1,ki1 ∈ A1. Let
D1 = {f1,k1 + f2,k2 : ki1 < k1 < k2}. It is easy to see that D1 ∈ Ω0. Define
σ(f1,ki1 ) = D1. TWO responds with f1,ki2 + f2,ki3 . Again consider D2 = {f1,k1 +
f2,k2 + f3,k3 : ki3 < k1 < k2 < k3} ∈ Ω0 and define σ(f1,ki1 , f1,ki2 + f2,ki3 ) = D2.
TWO responds with f1,ki4 + f2,ki5 + f3,ki6 and so on.
This defines a strategy σ for ONE in G1(Ω0,Σ0). Since σ is not a winning
strategy, consider a play
σ(∅), f1,ki1 , σ(f1,ki1 ), f1,ki2 +f2,ki3 , σ(f1,ki1 , f1,ki2 +f2,ki3 ), f1,ki4 +f2,ki5 +f3,ki6 , . . .
which is lost by ONE. Therefore
f1,ki1 , f1,ki2 + f2,ki3 , f1,ki4 + f2,ki5 + f3,ki6 , . . .
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converges to 0 with respect to τs
B
. Since fn,m ≥ 0 for n,m ∈ N, the sequence
f1,ki1 , f1,ki2 , f2,ki3 , f1,ki4 , f2,ki5 , f3,ki6 , . . .
also converges to 0 with respect to τs
B
, which contains infinitely many elements
from each An. Hence (1) holds.

Summarizing Theorem 3.7, Theorem 5.1 and Theorem 5.2 we obtain the follow-
ing.
Corollary 5.1. Let B be a bornology on X with closed base and X is Bs-Lindelo¨f.
The following statements are equivalent.
(1) ONE has no winning strategy in G1(Ω0,Σ0) on (C(X), τ
s
B
).
(2) (C(X), τs
B
) satisfies α2(Ω0,Σ0).
(3) (C(X), τs
B
) satisfies α3(Ω0,Σ0).
(4) (C(X), τs
B
) satisfies α4(Ω0,Σ0).
(5) X satisfies S1(OBs ,ΓBs).
(6) ONE has no winning strategy in G1(OBs ,ΓBs) on X.
(7) X satisfies OBs → (ΓBs)nk for each n, k ∈ N, provided X is B
s-Lindelo¨f.
Remark 5.1. Moreover using [9, Corollary 2.10], the following equivalent condi-
tions can also be added to Corollary 5.1.
(8) (C(X), τs
B
) is Fre´chet-Urysohn.
(9) (C(X), τs
B
) is strictly Fre´chet-Urysohn.
(10) Every open Bs-cover of X contains a countable set which is a γBs-cover of X.
Theorem 5.3. Let B be a bornology on X with closed base. The following state-
ments are equivalent.
(1) (C(X), τs
B
) satisfies α2(Σ0,Σ0).
(2) (C(X), τs
B
) satisfies α3(Σ0,Σ0).
(3) (C(X), τs
B
) satisfies α4(Σ0,Σ0).
(4) (C(X), τs
B
) satisfies S1(Σ0,Σ0).
(5) ONE has no winning strategy in G1(Σ0,Σ0).
Proof. We only give proof of the implications (3)⇒ (4), (4)⇒ (5) and (4)⇒ (1).
(3)⇒ (4). Let {Sn : n ∈ N} be a sequence of elements in Σ0 where Sn = {fn,m :
m ∈ N}. We assume that fn,m ≥ 0 for all n,m ∈ N. Fix a n ∈ N, we construct
a new sequence gn,m = f1,m + f2,m + · · · + fn,m, m ∈ N. Then the sequence
{gn,m : m ∈ N} converges to 0 with respect to τsB. Applying (3) to the sequence
{Tn : n ∈ N}, where Tn = {gn,m : m ∈ N} for each n ∈ N, we obtain an increasing
sequence 1 = n0 < n1 < n2 < · · · of positive integers such that {gni,mi : i ∈ N}
converges to 0 and gni,mi ∈ Tni for each i. For each integer k ≥ 0 and j ∈ N with
nk < j ≤ nk+1, note that gnk+1,mk+1 = f1,mk+1 + · · ·+ fnk+1,mk+1 , and now choose
hj = fj,mk+1 . We will show that {hj : j ∈ N} where hj ∈ Sj witnesses S1(Σ0,Σ0).
For this we need to show that the sequence {hj : j ∈ N} converges to 0 with respect
to τs
B
.
Let [B, ε]s(0) (B ∈ B, ε > 0) be a neighbourhood of 0. There exists a i0 ∈ N
such that gni+1,mi+1 ∈ [B, ε]
s(0) for all i ≥ i0. This means that there is a δi > 0
such that |f1,mi+1(x) + · · · + fni+1,mi+1(x)| < ε for all x ∈ B
δi and for all i ≥ i0
i.e. |fj,mi+1(x)| < ε for all x ∈ B
δi and for all j = 1, . . . , ni+1, i ≥ i0 i.e.
fj,mi+1 ∈ [B, ε]
s(0) for all ni < j ≤ ni+1 and for all i ≥ i0 i.e. hj ∈ [B, ε]
s(0)
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for all j > ni0 . Therefore {hj : j ∈ N} converges to 0 with respect to τ
s
B
. Hence
(4) holds.
(4)⇒ (5). Let σ be a strategy for ONE in G1(Σ0,Σ0). The first move of ONE is
σ(∅). Enumerating σ(∅) bijectively as {f(n) : n ∈ N}. Assume that for each finite
sequence of natural numbers τ of length at most m, Uτ is already defined. Now
define {f(n1,...,nm,k) : k ∈ N} to be σ(f(n1), . . . , f(n1,...,nm)) \ {f(n1), . . . , f(n1,...,nm)}.
We have for each finite sequence of natural numbers τ , {fτ⌢n : n ∈ N} ∈ Σ0.
Apply S1(Σ0,Σ0) to choose a nτ such that {Uτ⌢nτ : τ is a finite sequence of
natural numbers} converges to 0 with respect to τs
B
. Inductively define a sequence
n1 = n∅, nk+1 = n(n1,...,nk) for k ≥ 1. Then the sequence
Un1 , U(n1,n2), . . . , U(n1,...,nk), . . .
converges to 0 with respect to τs
B
. Since it is actually a sequence of moves of TWO
during a play in G1(Σ0,Σ0), σ is not a winning strategy for ONE.
(4)⇒ (1). Let {Sn : n ∈ N} be a sequence of elements in Σ0. From each Sn we
can easily make new sequences Sn,m which are pairwise disjoint and each of which
converges to 0. Consider the collection {Sn,m : n,m ∈ N}. Now apply S1(Σ0,Σ0)
to choose a fn,m ∈ Sn,m for n,m ∈ N such that {fn,m : n,m ∈ N} converges to
0. Clearly the sequence {fn,m : n,m ∈ N} contains infinitely many elements from
each Sn. Hence (1) holds. 
5.2. Some observations on Xn and (C(X), τs
B
).
Theorem 5.4. Let B be a bornology on X with compact base. The following
statements are equivalent.
(1) (C(X), τs
B
) has countable tightness.
(2) Xn is (Bn)s-Lindelo¨f for each n ∈ N.
Proof. (1)⇒ (2). Let U be an open (Bn)s-cover of Xn. By Lemma 4.1, there is an
openBs-cover V of X such that {V n : V ∈ V} refines U . Now for B ∈ B there exist
a δ > 0 and a V ∈ V such that B2δ ⊆ V . Let VB = {V ∈ V : B
2δ ⊆ V }. For each
V ∈ VB choose a fB,V ∈ C(X) such that fB,V (Bδ) = {0} and fB,V (X \ V ) = {1}.
Consider the set F = {fB,V : B ∈ B, V ∈ VB}. Clearly 0 ∈ F . By (1), there is a
countable subset F ′ of F such that 0 ∈ F ′. LetW = {V : fB,V ∈ F ′}. ThenW is a
countable subset of V . Now for V ∈ W choose a U ∈ U such that V n ⊆ U . Consider
the set Z = {U : V n ⊆ U for V ∈ W}. Clearly Z is a countable subset of U . We
show that Z is an open (Bn)s-cover of Xn. Let Bn ∈ Bn. As [B, 1]s(0) ∩ F ′ 6= ∅,
there is a fB1,V1 ∈ F
′ with fB1,V1 ∈ [B, 1]
s(0) i.e. there exists a δ > 0 such that
Bδ ⊆ f−1B1,V1(−1, 1) ⊆ V1 i.e. (B
δ)n ⊆ V n1 ⊆ U1 for some U1 ∈ Z i.e. (B
n)δ ⊆ U1.
So Z is a countable (Bn)s-subcover of U .
(2) ⇒ (1). Let A ⊆ (C(X), τs
Bs
) with 0 ∈ A. Let Um = {g−1(−
1
m
, 1
m
) : g ∈ A}
for m ∈ N. Then by Lemma 5.1 Um is an open Bs-cover of X for each m ∈ N.
Let Vm = {Un : U ∈ Um}. Clearly Vm is an open (Bn)s-cover of Xn. By (2), for
each m ∈ N there is a countable (Bn)s-subcover Wm = {Unk,m : k ∈ N} of Vm,
where Uk,m = g
−1
k,m(−
1
m
, 1
m
) for k ∈ N. Choose A′ = {gk,m : k,m ∈ N}, a countable
subset of A. We show that 0 ∈ A′. Let [B, ε]s(0) be a neighbourhood of 0, where
B ∈ B and ε > 0. Choose a m ∈ N with 1
m
< ε. Now for Bn ∈ Bn there exist a
δ > 0 and a Unk,m ∈ Wm such that (B
n)δ ⊆ Unk,m i.e. B
δ ⊆ Uk,m = g
−1
k,m(−
1
m
, 1
m
)
i.e. gk,m ∈ [B, ε]
s(0) i.e. [B, ε]s(0) ∩ A′ 6= ∅. So 0 ∈ A′. Hence (1) holds. 
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The next three results can be obtained by applying Theorem 4.4 to each [9,
Theorem 2.3], [9, Theorem 2.5] and [9, Theorem 2.7] respectively.
Theorem 5.5. Let B be a bornology on X with compact base. The following
statements are equivalent.
(1) (C(X), τs
B
) has countable strong fan tightness.
(2) Xn satisfies S1(O(Bn)s ,O(Bn)s) for each n ∈ N.
Theorem 5.6. Let B be a bornology on X with compact base. The following
statements are equivalent.
(1) (C(X), τs
B
) has countable fan tightness.
(2) Xn satisfies Sfin(O(Bn)s ,O(Bn)s) for each n ∈ N.
Theorem 5.7. Let B be a bornology on X with compact base. The following
statements are equivalent.
(1) (C(X), τs
B
) is strictly Fre´chet-Urysohn.
(2) Xn satisfies S1(O(Bn)s ,Γ(Bn)s) for each n ∈ N.
In line of [20, Theorem 21], we can obtain a bornological version which presents
similar characterization using the topology of strong uniform convergence τs
B
on B.
Theorem 5.8. Let B be a bornology on X with closed base. The following state-
ments are equivalent.
(1) X has the Bs-Hurewicz property.
(2) (C(X), τs
B
) has countable fan tightness and Reznichenko’s property i.e. it
satisfies Sfin(Ω0,Ω
gp
0 ).
(3) ONE does not have a winning strategy in Gfin(Ω0,Ω
gp
0 ) on (C(X), τ
s
B
).
Proof. The equivalence (1) ⇔ (2) is due to [10, Theorem 5.8]. The implication
(3)⇒ (2) is easily followed. We prove the implication (1)⇒ (3).
(1) ⇒ (3). X has the Bs-Hurewicz property implies that ONE does not have
a winning strategy in the Bs-Hurewicz game on X . Let σ be a strategy for ONE
in the game Gfin(Ω0,Ω
gp
0 ). We use σ to define a strategy ψ for ONE in the B
s-
Hurewicz game as follows.
The first move of ONE in Gfin(Ω0,Ω
gp
0 ) is σ(∅). Let U1 = {f
−1(−1, 1) : f ∈ σ(∅)}
and assume that X 6∈ U1. By Lemma 5.1, U1 is an open Bs-cover of X . Define
ψ(∅) = U1, the first move of ONE the Bs-Hurewicz game. TWO responds by
choosing a finite subset V1 of ψ(∅). Let C1 ⊆ σ(∅) be a finite collection of functions
such that V1 = {f−1(−1, 1) : f ∈ C1}. Then C1 is a legitimate move of TWO in
Gfin(Ω0,Ω
gp
0 ).
To define ψ(V1), look at the move σ(C1) of ONE in Gfin(Ω0,Ω
gp
0 ). Let A2 =
σ(C1) \ C1. Clearly A2 ∈ Ω0 and U2 = {f−1(−
1
2 ,
1
2 ) : f ∈ A2} is an open B
s-
cover of X again by Lemma 5.1. Now define ψ(V1) = U2. TWO responds by
choosing a finite subset V2 of ψ(V1). Let C2 be the finite subset of A2 with V2 =
{f−1(− 12 ,
1
2 ) : f ∈ C2}. Thus C2 is a legitimate move of TWO in Gfin(Ω0,Ω
gp
0 ).
Again look at σ(C1, C2) and let A3 = σ(C1, C2) \ {C1, C2} which is in Ω0. U3 =
{f−1(− 13 ,
1
3 ) : f ∈ A3} is an open B
s-cover of X . Define ψ(V1,V2) = U3. TWO
responds by choosing a finite set V3 ⊆ ψ(V1,V2). Let C3 ⊆ A3 be a finite set with
V3 = {f−1(−
1
3 ,
1
3 ) : f ∈ C3} and so on.
This defines a strategy ψ for ONE in the Bs-Hurewicz game. Since ψ is not a
winning strategy, consider a ψ-play
ψ(∅),V1, ψ(V1),V2, ψ(V1,V2), . . .
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which is lost by ONE. Therefore for B ∈ B there exist a n0 ∈ N and a sequence
{δn : n ≥ n0} of positive real numbers satisfying Bδn ⊆ U for some U ∈ Vn for all
n ≥ n0.
Now corresponding to the ψ-play there is a σ-play in Gfin(Ω0,Ω
gp
0 )
σ(∅), C1, σ(C1), C2, σ(C1, C2), C3, . . .
We will show that ∪n∈NCn ∈ Ω
gp
0 .
It is clear from the construction of the game that Cn’s are pairwise disjoint and
for U ∈ Vn, U = f−1(−
1
n
, 1
n
) for some f ∈ Cn. Let [B, ε]s(0) be a neighbourhood
of 0 where B ∈ B and ε > 0. For B ∈ B there is a n0 ∈ N and a sequence
{δn : n ≥ n0} of positive real numbers satisfying Bδn ⊆ U for some U ∈ Vn for
all n ≥ n0. Choose a n1 ∈ N such that 1n1 < ε. Choose n2 = max{n0, n1}. Then
Bδn ⊆ f−1(− 1
n
, 1
n
) ⊆ f−1(−ε, ε) for some f ∈ Cn for all n ≥ n2 i.e. f ∈ [B, ε]s(0)
for some f ∈ Cn for all n ≥ n2 i.e. [B, ε]s(0) ∩ Cn 6= ∅ for all n ≥ n2. Therefore
{Cn : n ∈ N} witnesses the groupability of ∪n∈NCn. Hence σ is not a winning
strategy for ONE in Gfin(Ω0,Ω
gp
0 ). 
Theorem 5.8 together with Theorem 4.5 gives the following.
Corollary 5.2. Let B be a bornology on X with compact base. The following
statements are equivalent.
(1) Xn has the (Bn)s-Hurewicz property for each n ∈ N.
(2) (C(X), τs
B
) has countable fan tightness and Reznichenko’s property i.e. it
satisfies Sfin(Ω0,Ω
gp
0 ).
(3) ONE does not have a winning strategy in Gfin(Ω0,Ω
gp
0 ) on (C(X), τ
s
B
).
Theorem 5.9. Let B be a bornology on X with closed base. The following state-
ments are equivalent.
(1) X has the Bs-Gerlits-Nagy property.
(2) (C(X), τs
B
) has countable strong fan tightness and Reznichenko’s property.
Proof. (1) ⇒ (2). By Theorem 4.7, X has the Bs-Hurewicz property as well
as it satisfies S1(OBs ,OBs). Also from [10, Theorem 5.8], (C(X), τsB) has the
Reznichenko’s property. Again X satisfies S1(OBs ,OBs) implies that (C(X), τsB)
has countable strong fan tightness by [9, Theorem 2.3]. Hence (2) holds.
(2) ⇒ (1). Using [10, Theorem 5.8] and [9, Theorem 2.3], we have X has the
Bs-Hurewicz property as well as it satisfies S1(OBs ,OBs). HenceX theBs-Gerlits-
Nagy property. 
Corollary 5.3. Let B be a bornology on X with compact base. The following
statements are equivalent.
(1) Xn has the (Bn)s-Gerlits-Nagy property for each n ∈ N.
(2) (C(X), τs
B
) has countable strong fan tightness and Reznichenko’s property.
Theorem 5.10. Let B1,B2 be bornologies on X1 and X2 respectively with closed
bases. If (C(X1), τ
s
B1
) and (C(X2), τ
s
B2
) are homeomorphic, then the following
statements are true.
(1) X1 has the B
s
1-Hurewicz property if and only if X2 has the B
s
2-Hurewicz
property.
(2) X1 has the B
s
1-Gerlits-Nagy property if and only if X2 has the B
s
2-Gerlits-
Nagy property.
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Proof. We only prove (1) as the proof of (2) is analogous.
(1). Let ψ : (C(X1), τ
s
B1
) → (C(X2), τsB2) be a homeomorphism. Suppose that
X1 has the B
s
1-Hurewicz property. By [10, Theorem 5.8], (C(X1), τ
s
B1
) satisfies
Sfin(Ω01 ,Ω
gp
01
). We will show that (C(X2), τ
s
B2
) satisfies Sfin(Ω02 ,Ω
gp
02
). For this we
first show that Sfin(Ω02 ,Ω02) holds and then prove that every countable element in
Ω02 is groupable. (01, 02 are zero elements in C(X1) and C(X2) respectively).
Let {An : n ∈ N} be a sequence of elements in Ω02 . It is easy to observe that
if An ∈ Ω02 then ψ
−1(An) ∈ Ω01 . Apply Sfin(Ω01 ,Ω01) to {ψ
−1(An) : n ∈ N} to
choose a finite subset Bn of ψ
−1(An) for each n ∈ N such that ∪n∈NBn ∈ Ω01 . Now
ψ(Bn) is a finite subset of An for each n ∈ N. Take a neighbourhood [B, ε]s(02) of
02 where B ∈ B2, ε > 0. Consequently there is a neighbourhood [B
′, δ]s(01) of 01
where B′ ∈ B1, δ > 0 such that ψ([B′, δ]s(01)) ⊆ [B, ε]
s(02). Again [B
′, δ]s(01) ∩
(∪n∈NBn) 6= ∅ i.e. [B, ε]s(02) ∩ (∪n∈Nψ(Bn)) 6= ∅. So ∪n∈Nψ(Bn) ∈ Ω02 . Hence
Sfin(Ω02 ,Ω02) holds.
Finally let A be a countable element in Ω02 . Clearly ψ
−1(A) ∈ Ω01 . Since every
countable element in Ω01 is groupable, there is sequence {Cn : n ∈ N} of pairwise
disjoint finite subsets of ψ−1(A) witnessing the groupability of ψ−1(A). It is easy
to verify that {ψ(Cn) : n ∈ N} is a sequence of pairwise disjoint finite subsets of A
witnessing the groupability of A. Hence (C(X2), τ
s
B2
) satisfies Sfin(Ω02 ,Ω
gp
02
) and Y
has the Bs2-Hurewicz property by [10, Theorem 5.8].
Proof of the converse part follows with similar arguments. 
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